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In this paper, we show existence, uniqueness and exact asymptotic behavior of
solutions near the boundary to a class of semilinear elliptic equations

—Au = Ag(u) — b(z) f(u) in Q, where X is a real number, b(z) > 0 in Q and vanishes
on 0. The special feature is to consider g(u) and f(u) to be regularly varying at
infinity and b(x) is vanishing on the boundary with a more general rate function. The
vanishing rate of b(z) determines the exact blow-up rate of the large solutions. And
the exact blow-up rate allows us to obtain the uniqueness result.

1. Introduction

This paper is concerned with the study of semilinear elliptic problems with bound-
ary blow-up of the form
—Au=MAg(u) — b(x)f(u) inQ, (11)
U = 400 on 09}, '

where Q is a smooth bounded domain of RV, A € R, and b(z) € C*(Q,R*) for
some a € (0,1), RT := [0,400). A solution of (1.1) is called large (or explosive)
solution, by which we mean a function u € C?(2) such that

u(r) — +oo as d(z) := dist(x,00) — 0.

Our main objectives here are to study the existence, uniqueness and asymptotic
behavior of large solutions. We consider the following assumptions on b(z)
B1 b(x) = 0 on 09 and there exists a positive increasing function h € C1(0, )
for some dy > 0 such that
b(x)

li —_— =
s T2l @70

and

o0+ h(d) d—0+

d
Jo hlsds o (
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Remark 1.1. This assumption on b(x) includes many different vanishing behaviors

including h(d) = d¥ which was studied by several authors. This type of b(x) can also
be found in [9, 10].

We consider the following assumptions on f € C*[0, +00)
F1 f(0)=0, f' >0, f'(0) = 0.

F2 f(t)/t is increasing on (0, 400).

F3 f is regularly varying at infinity with index p > 1.
and the following assumptions on g(t) € C'[0, +o0)
G1 g(t) > 0 is increasing on (0, +00) and lim;_,g+ ¢'(¢) > 0.

G2 g(t)/t is nonincreasing on (0, +00).
G3 g(t) is regularly varying at infinity with index 0 < ¢ < 1.

Moreover, assumptions F(1-3) and G(1-3) imply

H1 f(t)/g(t) is increasing for all ¢ > 0 and lim; o+ f(¢)/g(t) = 0.

The study of large solutions goes back to 1916 by Bieberbach [2] on the equation
Au = €% on a smooth bounded domain in R?. Problem of this type arises in
Riemannian geometry. The result was extended to smooth bounded domains in R?
by Rademacher [20]. Large solutions of more general elliptic equation Au = f(u)
in n-dimensional domains were studied by Keller [12] and Osserman [18]. More
precisely, they obtained the following necessary and sufficient condition for the
existence of large solution

o dt
1 VF(t)

provided that f satisfies

< 00, where F(t) = /t f(s)ds
0

f e C0,00), f(0) =0, f(s) > 0 for s > 0 and f'(s) > 0 for s > 0.

The question of blow-up rates near d{2 and uniqueness of solutions appears in
more recent literature. For example, Loewner and Nirenberg [16] studied the unique-
ness and blow-up rate at the boundary for the elliptic equation Au = uP where
p = % for N > 2. Bandle and Marcus [1] studied the uniqueness and asymp-
totic behavior near the boundary of a large solution for the more general equation
Au = g(x,u) which includes the case g(z,u) = b(x)uP where p > 1 and b(x) is
positive continuous function in © and b and 1/b are both bounded. Similar problem
but for more general elliptic operators has also been studied in [21].

For Au = b(x)uP, most literature treated the case when b(z) is bounded away
from zero in  in which large positive constants provide us with a priori bounds for
the underlying Dirichlet boundary value problem. It has only been noticed recently
by Lair [13, 14] that even when b(z) vanishes on the boundary, large solution can
still exist. One result they showed is that if 0 < p < 1, then this equation has no
large solution.
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The problem of conformal deformation of metric with prescribed scalar curvature
for a class of simple Riemannian manifold leads to the study of (1.1). Only until
recently was the case of degenerate logistic type considered, which allows b(z) to
vanish on Q, see for example [5, 6, 7, 8, 9, 10, 15, 17, 18] and references therein.
However, many of them are restricted to the case g(u) = u(but see [8]), b(x) =
Cod” (z) 4+ o(d(x)), and f(u) = uP. Note that in this paper we extend the previous
results in all three directions. We extend g(u) to a more general class of functions
which include g(u) = u?, 0 < ¢ < 1, b(z) assumes more general vanishing rate and
f(u) can be more general including the power function f(u) = u? for p > 1. We
shall mention that in [5] the authors considered the special case when g(u) = u. In
our case, it requires more subtle analysis when we derive the comparison principles
and construct the sub- and supersolution. This is a continuous study of [9] in which
the blow-up rate was obtained for 0 < ¢ < 1, f(u) = u?, b(x) = Cod"(x) + o(d(z))
and the domain is radial.

In this paper, applying Karamata regular variation theory, perturbed method
and constructing sub- and supersolution, we show asymptotic behavior of solutions
near the boundary. The exact blow-up rate ensures the uniqueness. Our main result
is the following theorem.

Theorem 1.2. Suppose f and g satisfy (F1-3), (G1-8) and b(x) satisfies B1. Then
for any X € R, equation (1.1) admits a unique large solution u. Moreover, we have

lim u(z)
d(z)—0 Z(d(x))

:M’

where

)

2+h@1q”@*>
co(p+1)
and the function Z(t) is defined through

|

h(s)ds, t € (0,dp).

oS t
| s
Z(t) \V/2F(s) 0

Corollary 1.3. Let f(u) =uP, p> 1, glu) =u?, 0 < ¢ <1, and b(x) ~ ¢o(d”(x)),
then h(d) = d*/*(z), Iy = ;25 and

Any solution u to (1.1) satisfies

i M) _ gy
d(z)—0 d=(x)

1
where a — ¥*2 pf — |elatl) | Pt
p—1’ co ’

Remark 1.4. Our result in the corollary agrees with the result found in [7, 8, 9].
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Remark 1.5. For the special case when A # 0(in fact, it can be any bounded
function) and b(zx) are bounded away from zero and f(u) = uP, g(u) = u?, we make
the following observations:

1. When A(z) > 0, 0 < p < 1, there is no large solution. This follows directly from
Lair [18, 14].

2. When Ax) < 0, maz{p,q} < 1, there is no large solution. This follows from
Lair as well.

3. If p > q and p > 1, large solution exists for all A # 0. This follows from the
result of Bandle and Marcus [1].

The plan of this paper is as follows. In the next section we present some useful
definitions and properties from regular variation theory. We als discuss some related
properties associated with the main theorem. In the third section, we use the per-
turbed method and a general comparison principle to prove the existence of large
solutions. The blow-up rate is studied in the fourth section. Finally we demonstrate
some numerical computation to illuminate our result. We also remark on a simple
way to find the blow-up rate to some similar equations.

2. Some Preliminary Study

In this section we give some preliminary considerations on various assumptions and
properties needed for our main result. We start with some basic definitions and
properties of regular variation theory which was initiated by Jovan Karamata in
a well-known paper of 1930 [11]. For more information on this topic, we refer the
readers to the book by Bingham et. al. [3].

Definition 2.1. A positive measurable function f defined on [a,o0) for some a > 0,
is called regularly varying at infinity with index p € R, written as f € Ry, if for all
£E>0

Tim f(60)/1(1) = €.

Definition 2.2. A positive measurable function L defined on [a, 00) for some a > 0,
is called slowly varying at infinity if for all £ >0

lim L(&t)/L(t) = 1.
t—oo
It follows by the definitions that any function f € R, can be represented in terms
of a slowly varying function, f(t) = t?L(t).
Example 2.3. The following examples are regularly varying at oo with index p
P, tPIn(1 +¢), (tln(l+1¢))?, tPIn(In(e +1t)).
But 2 +sint clearly is not regularly varying.

Lemma 2.4. (Representation theorem) The function L is slowly varying at infinity
if and only if it can be written in the form

L(t) = c(t)eap (/f yf:)ds) t>a

for any a > 0, where c(t) and y(t) are measurable and as t — oo, y(t) — 0 and
e(t) — ¢ > 0.



Remarks on large solutions 5
We have the following useful properties on slowly varying function L(t).

Lemma 2.5. For any o> 0, t*L(t) — oo, and t " *L(t) — 0 as t — o©

The following result of Karamata is often applicable. It essentially says that in-
tegrals of regularly varying functions are again regularly varying, or more precisely,
one can take the slowly varying function out of the integral.

Lemma 2.6. (Karamata’s theorem) Let L(t) be slowly varying and locally bounded
in [a,00) for some a > 0. Then

a) forp> —1,
/t sPL(s)ds ~ (p+ 1) HPTIL(t), t — oo,
b) forp < —1, ’
/00 sPL(s)ds ~ —(p+ 1) "PTLL(t), t — .
t
Remark 2.7. The result remains true for p = —1 in the sense that

1 [TL(s)
tlirgom/a sds-oo.

Lemma 2.8. Assume f satisfies (F1-2), then the following are equivalent

, o L) o <F(t))/ -1
1) f € Ry; (1) lim =p; (@) lim ( —= ) =(1+p)~ . 2.1
Next we collect some properties on Z(t) defined in Theorem 1.2. These properties
can also be found in [5]. For the convenience of the reader, we include the proof.

Lemma 2.9. If f(t) satisfies (F1-3), then Z(t) in Theorem 1.2 has the following
properties:

1. limy_ o+ Z(t) = 0.

2. limy_, o+ #f(gz) = g%ph:_fl_ll for any £ > 0.
3. lim, o+ % = lim; o+ % = lim; o+ ZZ—((‘?) 0.

4 Timy g 257800 = 0.

Proof. (1) This property follows directly from the definition of Z(t).
(2) Here we only check for & = 1 since f € R, with p > 1. From the definition,

we have the following
Z'(t) = —h(t)\/2F(Z)

and

Z2"(t) = W(t)f(Z(1)) (1 RPN F(Z) )
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for any ¢ € (0,0¢). Applying 'Hépital’s rule and Lemma 2.8 we have

F(Z) p—1

tlir(r)l+ f(2) fZOO[F(s)]*l/zds C2(p+ 1)

We also have

Thus it follows that lim, o+ 2" (t)/h2(t) f (€2(t)) = & 2Hle=l),
(3) Note that
Z'(t) VRF(Z() _ . fy Mls)ds 2F(Z(1))

0

Iim ———~%t—=— lim Y—% =

o REOF(Z() om0t h(Df(Z(D) im0+ h(t)  f(Z() [ [2F(s)] /2ds

Hence lim; o+ Z'(t)/Z"(t) = 0. By a similar process and ’'Hépital’s rule, we can
also obtain lim; .o+ Z(t)/Z'(t) = 0 and lim,; .o+ Z(t)/Z"(t) = 0.

(4) By the assumption on ¢(t), we may represent it in terms of a slowly varying
function L(t), combining property (3) and Lemma 2.5, we have

L 9EZW) | EZUOLEZ) | EZI0LZW) LEZD)
mot Z0() o 27(t) —o  27(t)  L(Z([)
£2(0) LZW) _

T o Z0(t) Z7a(t)

(2.2)

We consider the function ¥(¢) defined by

P(t) == Af(t) — Bg(t)
for certain constants A > 0 and 3 > 0 to be chosen later. Clearly 1 (¢) € C*((0, +00), [0, +00)),

Jm 9(t) = —Bg(0) <0

and
lim ¥(t) = +oo.

t—-+oo
Moreover, thanks to (F1) and (G1), we have lim;_,o+ ¢'(t) < 0. Actually,
li t)/g(t) = lim (Af(t)/g(t) — B) = —f.
Jm 9(t)/g(t) = lim (Af(2)/g(t) - B) = -8

Hence there exists a unique ¢o such that ¥(t9) = 0 and ¥(¢t) > 0 for all t > .
Moreover, due to (H1), we have f'(t)/g'(t) > f(t)/g(t) for all £ > 0, thus for ¢ > ¢,

U(t) = Af'(t) = Bg'(t) > g'()(Af(t)/g(t) — B) =

as () > 0 for all ¢ > to.
We now prove the following result.
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Lemma 2.10. Suppose f satisfies (F1-3) and g satisfies (G1-3). Then for each

t > to, "
I(t) := / [/ ¢(s)ds} dr < oo,
t ¢
and
lim I(t) = co.
t—ty

Proof. First we note that condition F3 implies

[ /Off@ds)”zd7<oo. 23)

G(1):= /tTw(s)ds, T >t >t

Then G(t) = 0 and G'(7) = ¢(7) > 0 since 7 > ¢t > to and (1) > 0 if 7 > .
Hence,

We consider

tim ) _ iy EO GO 1) +o(r — 1)

Tt T — 1 T—t T—1

=1(1) > 0. (2.4)

Moreover, we have

lim — G0 0y (2.5)

T—o0 [ fs)ds 700 f(7)
Combining (2.3), (2.4), (2.5), and by the comparison test for improper integrals, it
follows that I(t) < oo for all ¢ > ¢.
lim,_, I(t) = oo can be obtained by the fact that

lim /T ¥(s)ds =0, and % ' P(8)ds|r=t, = ¥(to) = 0.
to

T—to to

3. Existence Result

The following comparison principle is essential in obtaining the existence result.
Our proof involves a simple “energy” device that can be found in [1, 6, 7].

Lemma 3.1. Let Qg be a smooth bounded domain in RN . Assume f(u) satisfies
F(1-2) and g(u) satisfies G(1-2), b(x), r(z) are C functions on Qo such that
r(x) >0, b(z) > 0 on Qo and A € R. Let uy, us € C?(Qq) be positive functions
such that

—Auy — Ag(ur) + b(z) f(ur) —r(z) > 0> —Aus — Ag(uz) + b(x) f(u2) — r(x) Z’E“L Q(;
3.1
and

limsupd(m)ﬁ()(ul(x) - u2($>) >0,
where d(z) := dist(x,000). Then uy > ug in Qo.
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Proof. First we consider the case when A\ > 0. It follows from (3.1) that for any

nonnegative function ® € H' () with compact support, we have
Vui  VO—-Ag(u1)P+b(z) f(u1 )—rd >0 > VusVO—Ag(ug)P+b(z) f(uz)P—rd
Q Q
’ ’ (3.2)
Let € > €5 > 0 and denote
Q+(61,62) = {iL’ S Qo : ’U,Q(LC) + €2 > U1($) + 61},
and
vi = (ui + €) " (ua (@) + €2)® = (wr () + &)™

Notice that v; € H'(Q) and it has compact support in Qg (it vanishes outside ).
Replacing @ in (3.2) by v1, ve and applying integration by parts and subtraction
yields

/Q (Vu1Vor =VuaVog)— [ A(g(u1)vi—g(uz)va) > b(x)(f(uz)v2—f(ul)vl)+/ r(z)(v1—v2)

Q4 Q4 Q4
(3.3)
A simple calculation shows that the first integral on the left-hand side of (3.3)
equals
2 2
_/ (’wz Sreg, |+ ‘Vul _mtag,, ) dz < 0.
Q4 Uy + €1 Uy + €2

As 0 < €3 < €5 — 0, the second term on the left-hand side of (3.3) equals

- / Ng(un)fur — g(us) fus)dz < 0.
Q.4(0,0)

On the other hand, the first term on the right-hand side converges to

/9+(0,0) " <f§j;2) - fgzl)) (u3 —ui)dz >0

while the second term converges to

[ @0 /m - 1) - it =0
©24(0,0)

Therefore, we should have a contradiction unless Q4 (0,0) has measure 0, i.e.,u; >
ug on .

For the additional case when A < 0, we suppose that there exists xg € )y such
that
0 > uy(20) — uz(xo) := ming, (u1 — us).

Thus since A < 0,

0> —A(ur —u2)|z=zy > Mg(u1(x0))—9g(u2(z0)))+b(z)(f(uz2(x0)) — f (u1(20))) > 0,

which is impossible. 0
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Our next lemma shows the uniform boundness of an auxiliary problem. A similar
lemma where g(u) = u? can be found in [8, 17].

Lemma 3.2. Let B(R) C R™ be an arbitrary ball centered at xo and consider the
auxiliary problem

{—Au =Ag(u) = Af(u) in B, (3.4)

u=T on 0B,

where A € R, A > 0 and 7 > to. Then there exists a constant M := M(R) such
that any solution u. of (3.4) satisfies ||ur||c(py < M.

Proof. For each x € B, we denote
w(z) :=V.(r), 7:= |z — z0],

where V.. solves

{wm + MW (r) = h(¥,), 7€ (0, R) 55)

W(0) =0, U (R)
Since T > tg, it is easy to see that U, > to, h(¥,) > 0, A" (¥,) > 0. The function

U, satisfies ,
(PN (r) =N (DL (). (3.6)

Integrating (3.6) from 0 to r yields
v (r) = rlfN/ sV h(W ., (s))ds > 0. (3.7)
0

Thus

d%h(\I/T(r)) = W (U)W, > 0.

It follows from (3.7) that

U (r) < PN BT, (1)) /0 sN-1ds = %h(\llf(r)).

Hence N1 )
U = h(0,) — —=T > —h(T,).
L= h() - S 2 (W)
Moreover, since ¥/ > 0, we have
1

N <
Multiplying (3.8) by ¥/ and integrating from 0 to r yields
V- (r)

h(s)ds < [V (1)]? < 2[11 o h(s)ds. (3.9)

2 \I’T (T‘)
N Jw (0
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Integrating the square root of the reciprocal of (3.9) gives

o (U [ 2 —1/2 W (r)
—/ / h(s)ds dz <r <,/N/2
N Jv. 0 |Jv, 0 @, (0)

Thus

; —1/2
/ h(s)ds dz.
v (0)

(3.10)
; —1/2
/ h(s)ds dz.
. (0)

Applying Lemma 2.10, we obtain that ¥, (0) must be bounded above by a constant
M independent of 7. O

R <+/NJ2 '

v, (0)

Now we are in position to prove the existence part of Theorem 1.2. Consider the
following perturbed problem

—Au = Ag(u) — (b(x) + n%)f(u), z €Q, (3.11)
u=n, x € 08}, ’

where v > 0 satisfies p > ¢ +y. Since 0 is a subsolution and n is a supersolution for

n sufficiently large, (3.1) admits a solution u, € C%%(Q) with u,, < n. Moreover,

Lemma 3.1 shows that {u,}, is increasing. Our purpose is to pass to the limit

as n — oo. Thanks to Lemma 3.2, u, is uniformly bounded on every compact

subdomain of . By the monotonicity of {w,}, we conclude w,, — w in L{3.(9).

Finally, standard elliptic regularity arguments lead to u,, — wu in C’l2 JNQ).

4. Blow-up Rate and Uniqueness

In this section, we establish the exact blow-up rate and obtain the uniqueness. We
start with the following comparison lemma. The proof of the lemma is carried out
by applying sub- and supersolution method in domain {z € Q : d(z) > 1/n} and
passing n — +o0o through a diagonal process.

Lemma 4.1. Suppose u and 4 satisfy
—Au < Ag(u) — b(x) f(u) in 2,
(

—Au > Mg(u) — b(z) f(a) in Q,

limg(z) ot wu(z) = limgg)—o+ U(x) = 0o and w < @ in Q. Then (1.1) admits a
solution u € C%(Q) satisfying u < u < @ in Q.

To prove the blow-up rate at the boundary, we construct the sub- and supersolu-
tions with the same blow-up rate. To that aim, we define Q5 := {z € Q : d(z) < 6}
and 095 == {x € Q : d(x) = ¢}. By the regularity of 02, we can choose J sufficiently
small so that

1. d(z) € C*(Qas);
2. h2(d) is increasing on (0, 26);
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3. Z"(d) > 0 for any d € (0, 20);
4. (co—€)h*(d(z)) < b(z) < (co+e€)h*(d(x)), for any x € Qas. Here 0 < € < ¢/2

is a fixed constant.

Define

52[%} f:[m}

Let p € (0,6) be arbitrary. We define
u, =&Z(d(x) — pn), x € Qas \ Qs

and
w, =& Z(d(x) + p), © € Qa5
It follows from |Vd(x)| =1 that

— Aty — Ag(u,) + b(x) f ()
= ~62"(d(z) ~ ) — ©2'(d(x) — ) ~ Ag(&Z(d(x) — p)) + b{a) f(EZ(d(x) ~ )

) )
e (d(x) — ) | M(&Z(dx) — ),  [(EZ(dx) — p)
= 67/~ ) [+ g+ e e

o [ 2@ =) M2l =) Fdl) — (@) ~ )
> ')~ 1+ Zrger =ty + SRR - (- ARSI =0,

(4.1)
Applying Lemma 2.9 and by setting d to be small, we see that
*Aﬂ/t - )‘g(ﬁu) + b(m)f(ﬂﬂ) > 0.

Similarly, we have

— Au, — Ag(w,) + b(z) f (v

)
6 2(d(@) + ) — £ 2(d(x) + 1) — A6 Z(d(x) + ) + b(a) (62 <<> u))
e 2@ +p) M6z <), @2
=~z )”)[ Zide) ) T G ) )slzw }
, 2d@) + 1) | Agl6 Z(d() + ) h2<<> ) )
<—aZ (d(”g”“)[ Zide) ) T G ) @9 7+ }
4.2

and
—Au — Ag(u) +b(x) f(u) <0.

Let w be an arbitrary solution of
{Au =Ag(u) —b(z)f(u), z€Q\Q,

u=1, x € 08,
U = +00, x € 09;5.
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We see that

u+wlag =00 > w,loq, u+wlan, =00 > u,lo0;,,

Uy, + wloa, = 00 > ulaq,, U, +wlan; = 00 > ulaa,-
Lemma 3.1 ensures that
u, <u(z)+w(z), € Qs; u(x) <ay(r) +w(x), e s\ Q.
Passing the limit u — 0", we see that

&1Z(d(x) <ulx) +w(z) < &Z(d(x)) + 2w(z), © € Qs,

which implies

~

& < liminf u(z < lim sup u(z)

mint Za) < imsw Zany) <%

Finally, we set ¢ — 0 to obtain the exact blow-up rate.

Proof. (Uniqueness) Let u1, us € C%(Q) be two arbitrary large solutions, then the
exact blow-up rate yields limg(;)—o u1(2)/u2(x) = 1. Hence, for any € € (0, 1), there
exists 6 > 0 which depends on € such that

(1—€us <uy < (14 €uz, x € Qs.
Clearly, u; is a positive solution of

{—Au:kmu%—M@fW% z € Q5

U= Uy, T € 6(9 \ 95) (43)

By the assumptions on f, g, we see that u~ = (1 — €)ug and u™ = (1 + €)uy are
positive subsolution and supersolution of (4.3). Thus (4.3) has a positive solution
@ such that

(]. — 6)’LL2 S u S (1 + E)UQ.

Moreover, by comparison principle (Lemma 3.1), (4.3) admits a unique solution,
ie, u; =4 in Q\ Q. Thus for z € 2\ Qs, we have

(1 =€euz <uy < (14 €)us.

Letting e — 0, we see that u; = us in 2. This concludes the proof of the uniqueness.
O

5. Illustrative Computations and Final Remark

In this section, we consider the large solution to the following equation in a radial
domain with radius R = 1 in RV

1
Ay = 6(1 — |z])?u®.
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Clearly the radial solution u(r) := u(|x|) satisfies

1 N -1 1
u (r)+ ——u' = 6<1 —r)2u®,in (0,1)
r

with «/(0) = 0; large solutions are those with u(r) — oo as r — 17. Find radially
symmetric large solutions is equivalent to finding initial condition u(0) = p such
that the solution to the following Cauchy problem

{u’ =w, u(0) = p, 5.1)

w' = ——Nflw ++(1=7)%u?, w(0) =0,

exists on the interval [0,1) and blows up at 1.

10000 100007

800 800c]
&0 8000}
400] 4000]

200 2000

& ufr) <& ufr)

— w0 — w0

Figure 1. Large radial solution (u,w) with u(0) > 0 and w(0) = 0 of Problem (5.1) on a
radial domain with R =1, for N = 2(left) and N = 6(right)

Figure 1 shows the computed profiles of the nonnegative large solutions (u,w) of
the problem (5.1) for two values of the space dimension N = 2 and N = 6. The
way that these profiles have been calculated is through the following process.

Figure 2. Critical solutions (A(r), B(r)) of Problem (5.2) for N = 2,
p &~ 10.604330142(left) and for N = 6, p ~ 16.351198742(right)

By Corollary 1.3, we obtain the following asymptotic behavior at r = 1.

6 12

u(r) ~ m, w(r) ~ m

We define functions A(r) and B(r) by

(1-r)

), B = S el

A(r) =
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then (A(r), B(r)) is a solution of

(1 =r)A'(r) =2(B(r) — A(r)), A(0) = ¢p,
(1—7r)B'(r) = 2= —r)B(r) — 3B(r) + 34%(r), B(0) =0.

T

(5.2)

System (5.2) is both singular at » = 0 and r = 1, but we still have well-posedness.
Let the maximal interval of existence of this system to be [0, R,) and let (A(r), B(r))
be the corresponding solution of (5.2). Then if R, > 1, then (A(r), B(r)) — (0,0)
asr — 17.If R, < 1, then (A(r), B(r)) ceases to exist before the singularity r = 1.
If R, = 1, numerical result shows that (A(r), B(r)) — (1,1) as r — 1~. In fact,
there exists a unique p such that R, = 1 and the corresponding solution (u,w)
blows up at 1.

One might ask what happens to the blow-up rate if ¢ is any positive number
rather than 0 < ¢ < 1. A natural way to see this is to consider the following
one-dimensional problem with g(u) = u? and with a general A(z) € L.

—u" = XNMa)ud — b(z)u?  in (0,1)
lim,_,,- u(z) = +o0 (5.3)
u(0) =0

where b(x) = Cod” + o(d¥) as d — 0+ with v > 0 and Cy > 0.

By the assumption on b, we may write
b(z) = B(z)(1 —=z)", z € (0,1), 5(1) > 0.
To find out the blow-up rate, we substitute
u(z) = p(x)(1—2)"% 2 €(0,1), >0, ¢(1) >0
into (5.3), we have

¢" (1-2)"*+2¢'a(1-2)+a(a+1)¢(1—x)~* 2 = B(z)¢? (1-2)" P —A(z)$?(1-z) .
(5.4)
Multiplying on both sides by (1 — z)**? yields

¢ (1—2)242¢'a(1—z)+a(at+1)p = B(x)¢P (1—z) ~PHet2_\(z)¢1(1—x)~oatat?,
(5.5)
Assuming that lim,_,,- (1 — :L‘)2¢” = lim,_,;- (1 — )¢’ = 0 and passing the limit
x — 17, we impose the following conditions.
Case A: —ag+a+2=0,v—ap+a+2>0and ala+ 1)p(1) = =A(1)p9(1).
In this case, we conclude that only when A\(1) < 0, ¢ > 25’:2”, the solution blows up
at the boundary and the blow-up rate is

o=

a(oHrl)}qll
q—1

and ¢(1) = [ 0

Case B:—ag+a+2=0,v—ap+a+2=0and a(a+1)¢(1) = B(1) — ¢*(1) —

A(1)@?(1). In this case, we conclude that only when ¢ = 25:2” , the solution blows
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up at the boundary and the blow-up rate is

o= and ¢(1) is determined by the third equation .

qg—1
Case C: —ag+a+2>0,v—ap+a+2=0and a(a+1)¢(1) = 5(1)¢P(1). In

this case, we conclude that when ¢ < 25:2” , the solution blows up at the boundary
and the blow-up rate is
1
v+2 ala+1)]7 7T
a= and ¢(1) = [
-1 B(1)
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