1st Reading

December 4, 2010 12:16 WSPC S1793-5245 242-1JB 00111

S~ W N

10

11

12
13
14
15
16

17
18

World Scientific

Vol. 3, No. 4 (December 2010) 1-18
www.worldscientific.com

© World Scientific Publishing Company
DOI: 10.1142/S1793524510001112

International Journal of Biomathematics \\’

DYNAMICS OF A SEGMENTATION CLOCK MODEL
WITH DISCRETE AND DISTRIBUTED DELAYS

PENG FENG

Department of Mathematics,
Florida Gulf Coast University, Florida, USA
pfeng@fgcu.edu

Received 13 November 2009

In this paper, we study the effects of time delays on the dynamics of a segmentation
clock model with both discrete and distributed delays. Two cases are considered. The
first case corresponds to the model with only distributed delay. The second case involves
both discrete and distributed delay. Local stability analysis is carried out for all cases.
Numerical simulations are also performed to illustrate the results.
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1. Introduction

Somites are the segmental units that lie along the AP axis of vertebrate embryos.
Further differentiation of the somites gives rise to skeletal muscles, vertebrae and
ribs. The segmentation occurs periodically at the anterior end of the presomitic
mesoderm (PSM). This periodic segmentation has been suggested to be regulated
by a molecular clock [6]. From the molecular point of view, formation of the somites
begins with the establishment of prepattern of gene expression. In 1997, Palmeirim
et al. reported the chick basic helix-loop-helix (bHLH) gene chairyl [19]. Chairyl
expression initiates as a broad band in the posterior of PSM, moves anteriorly
and reaches the anterior end of PSM. This wave-like propagation of gene expres-
sion is not caused by cell movement but rather by the synchronized oscillations
of chairyl expression. Its mRNA exhibits cyclic waves of expression whose tempo-
ral periodicity corresponds to the formation time of one somite (90 min). Similar
dynamical expression of genes has also been observed in other embryos. These are
known as cyclic genes as their expressions oscillate with the same frequency it
takes to form one somite. In zebrafish embryos, Holley et al. performed a detailed
study of herl expression within the PSM. Herl gene is reported to oscillate with
a period of 30 minutes, in agreement with the time it takes to form one somite
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in zebrafish embryos [9]. Jouve et al. [12] reported Hesl in mouse embryos which
oscillates with a period of 120 minutes. Bessho and the coauthors found that the
expression of Hes7 in mouse also oscillates in a 2-h cycle [4]. In Hes7-deficient
mice, they reported abnormal segmentation that leads to severe defects of axial
skeletons. The ribs were fused and bifurcated and the symmetry of right-left was
lost. Hirata and co-workers have also investigated the role of Hes7 by generating
mice expressing mutant Hes7 with longer half life of approximately 30 minutes
comparing to approximately 22 minutes for wild-type Hes7. In these mice, somite
segmentation and oscillatory gene expression became severely disorganized after
a few normal cycles. They further simulated this effect mathematically using the
following model. They concluded that the instability of Hes7 is essential for sus-
tained oscillation and for its function as a segmentation clock [11]. They applied
the following mathematical model describing the number of protein and mRNA
of Hes7:

% =am(t —1p) — bp(t),
Cil_T = F(plt — m))ds — em(t),

where p(t) and m(t) represent the number of Hes7 protein and mRNA, respectively.
Tp represents the time lag between the initiation of the translation and the appear-
ance of a mature protein. 7, represents the time lag between transcription and the
appearance of a mature mRNA molecule. b and ¢ represents the degradation rates
of the protein and mRNA, respectively.

A similar model was also used for the herl gene in zebrafish embryo. The mathe-
matical model was further analyzed by Feng [7]. It was found that a Hopf bifurcation
occurs when the total delay 7 = 7,4+ 7,,, surpasses a critical value. If the ratio 7, /7,
is used as a bifurcation parameter, the bifurcation point rq is found to depend on
Tp. This model also assumes that (i) translation is nonsaturating; (ii) the movement
of protein molecules between the cytoplasm and cell nucleus is instantaneous and
(iii) the delays in transcription and translation take discrete values. Monk (2003)
suggests that a more realistic assumption would be that the delay is uniformly

MRNAs
m(t)

Gene
Proteins

p(t)

Fig. 1. Schematic representation of gene regulation: Gene is transcribed into mRNA which is
translated into protein. By binding to the promoter of the gene the protein represses further
transcription of gene.
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Dynamics of a Segmentation Clock Model with Discrete and Distributed Delays 3

distributed [15]. This results in the following revised equation incorporating both
discrete and distributed delays:

% = am(t — 7,) — bp(t),
- / gt — ) (p(s)) — em(d),

where 7, represents the time lag between the initiation of the translation and the
appearance of a mature protein; b and c represent the degradation rates of proteins
and mRNAs, respectively; a is the translation constant. f(p) is a sigmoid function
which models the switch-like phenomena during this process. We take

ko™
f(P) = W,

where 0 represents the critical protein concentration at which the transcription rate
is at half of its base value and & is the hill coefficient that characterizes the degree
of cooperatively of repression activity of agents involved in the inhibition of Hes7
transcription. However, the complexity of transcription regulation does not allow for
direct evaluation of the cooperativity coefficient. In [2], the authors found plausible
ranges of the value of h by analyzing the self-repression. A similar analysis shows h
should take values between 2 and 5. In [10], the authors used A = 2. In fact, h can
also be used as a bifurcation parameter. It can be shown that there exists a critical
value of h beyond which the steady state is unstable and a limit cycle appears.
This type of function has also be widely used in many neural network models.
One such system is the Goodwin model [8] which requires a large and unrealistic
cooperativity coeflicient of at least 9 to induce oscillations [2]. In [15], the author
numerically simulated the system with discrete delay 7, and pointed out that the
period of the oscillation is insensitive to the distributions in delay.

The distributed delay was first introduced into biological modelling by Voltera
in the 1930s and it is generally regarded to be more realistic than discrete delay.
Similar models involving distributed delays have been used in neuron networks,
see, for example [17, 20] and references therein. Here we shall apply the Gamma
distribution delay kernel

atnTlemot

g(t)zi(n_l)! ., on=12...

where a > 0 is a constant. The average delay for this type of kernel is T' = =.
In particular, the weak kernel (n = 1)

g(t) = ae™™
and the strong kernel (n = 2)
g(t) = a’te™

are often used and we shall focus primarily on these two kernels.
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We denote the equilibrium of system by E* = (p*, m*) which is given by the
solutions of

It is easy to determine that p* is the unique positive solution of
bep" T 4 bed"p — kab™ = 0.

The outline of the paper is as follows. In Sec. 2, we consider the system without
discrete delay. We discuss the possible Hopf bifurcation under both weak and strong
kernels. In Sec. 3, we consider the system with both discrete and distributed delays.
Again, we shall study both kernels. In Sec. 4, we perform several numerical simu-
lations to illuminate our results. Further discussion of implications of our results is
given in the last section.

2. Hopf Bifurcation without Discrete Delay

In this section, we study the existence of bifurcating periodic solutions without the
presence of discrete delay.

2.1. Weak kernel

To apply the linear chain trick on the integro-differential equation, we define

w(t) = [ ae ) f(p(s)s.

The original system then becomes

B amt) ~ bplr),
dm

v w(t) — em(t),

dw

= = alf(p(t)) —w()).

The equilibrium of this system is given by F* = (p*, m*, w*) where w* = f(p*).
Moreover the stability of F* is equivalent to the stability of E*, see [14].
To linearize the system, we let

P=p—p", M=m-m*, W=w-—w".
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Dynamics of a Segmentation Clock Model with Discrete and Distributed Delays 5

The linearized system takes the form:

CZ—IZ = aM(t) — bP(t),
dd—]\f = W(t) — cM(1),
T = a(-dP() ~ W (1),
where d = —f/(p*) = %. The associated characteristic equation of this
system is
—b—A a 0
0 —c— A 1 =0.
—ad 0 —a— A
Expanding this expression, we arrive at the following characteristic equation
N4+ AN+ BA+C =0, (2.1)
where
A=b+c+a, B=alb+c)+bc, C=albc+ad).
We define

¢(a) = A(@)B(a) = C(a).

The Routh-Hurwitz criteria implies that the equilibrium F* is locally asymptot-
ically stable if ¢(a) > 0. A detailed calculation yields that this is equivalent to
either
(i) bc < ad or
(ii) be > ad, (b+¢)? +ad > 2(b + ¢)vVbe and o > o where aq is given by
d— (b 2 A
ap =2 (2(ch)+ VA ith A= (b4 ) — VB — (be — ad).

At the bifurcation point «q, the characteristic equation has a pair of purely

imaginary roots
)\1,2 =+ B(Oéo)i,

and a real root A3 = —A(agp) < 0.
Differentiating (2.1) implicitly yields

A\ N+ (b+e)A+be+ad

do 3)\2+2AN+ B
Thus
iRe(x\)\ o 2A () B(ap)(b+ ¢) — 2B(ap)(be + ad — B(ay))
do amao P21 Q2 )
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where P = 2B(ap), @ = 2A(ap)y/B(ap). A direct calculation of the numerator
yields

d VA&

daRe()‘)‘a:ao = —m < 0.

This guarantees the bifurcation to a limit cycle at a = . In summary, we have
the following theorem.

Theorem 2.1. If (i) bc < ad or (ii) be > ad, (b + ¢)? 4+ ad > 2(b + ¢)vVbe and
a > o where ag s given by

ad — (b+c)> +VA
2(b+c¢) ’

with A = [(b+ ¢) — Vbc]? — (be — ad).

g =

then the steady-state solution (p*,m™*) is asymptotically stable.
Ifbe > ad, (b+ ¢)? +ad > 2(b + ¢)Vbe and o € [0, ap), then the steady state is
unstable. Hopf bifurcation occurs when a = «p.

2.2. Strong kernel
If g(t) is the strong kernel, i.e. g(t) = a®te~t, then by letting
t
wa®)= [ @t )0 f(p(s))as
and

wn(t) = / e f(p(s))ds,

— 00

we have the following equivalent system

% = am(t) — bp(t),

CZ—T = U)Q(t) — Cm(t)7
de

W = a(wl(t) - wQ(t))a
% = a(f(p(t)) — wi ().

The associated characteristic equation to the linearized system is

—b—A a 0 0
0  —c—X 1 o |_,
0 0 —a— A\ o o

—ad 0 0 —a— A
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Expansion of the above equation yields
M+ CIN3 + CoN? + O30+ Cy =0 (2.2)
with
Ci=b+c+ 2
Cy = a® +2a(b+¢) + be;
C3 = a*(b+ c) + 2abc;
Cy = o?(bc + ad).

The Routh-Hurwitz criteria implies that the equilibrium is locally asymptoti-
cally stable if

$1(a) := C1()Ca(a)C3(a) — C2(a) — C3(a)Cy(ar) > 0.
Let \; (i =1,2,3,4) be the roots of the characteristic equation. Then we have

4
Z )\z = —Cl; Z )\i)\j == Cg; (23)
i=1 i#]
D NN = —C5 Adadshs = Cu. (2.4)
i#j#k

If there exists a* such that ¢1(a*) = 0, then by Routh-Hurwitz criteria and the
last equation above, there exists at least one root that’s pure imaginary. Thus we
may assume Ay = —A; = —Im()\1). Therefore, at a*, the equations above take the
following simplified form:

A3+ M\ = —Cf; Im()\1)2 + A3y = Cs; (2.5)
(A3 + M) Im(M)? = —Cs; AsdaIm(\)? = Cy. (2.6)

If A3 and A4 are complex conjugate, then clearly, Re(A3) < 0. If they are both
real, it follows from the above equations that they must be both negative. Finally,
the implicit differentiation of the characteristic equation yields

dX 20 4 [2a(b + ¢) + 26 \? + [20 4 2(b + ¢)]A + 2a(ab + cd)

. 2.7
do 4AN3 4+ 3C1 02 + 205) + Cy (2.7)
Moreover, we have
d¢1(01) - dCl dCQ d03 ng
—da —0203%4—0103%4—0102%—203%
dCy dCy
—C?===_2 —_— 2.
= da 1G4 da (28)
Hence
L Re(M)[ar = & do, . (2.9)

da 20305 + 2Im(V)2(2C5 — C1Cs)? da

In summary, we have the following theorem.



1st Reading

December 4, 2010 12:16 WSPC S1793-5245 242-1JB 00111

10

11

12
13

14

15
16
17

18

19

20

8 P. Feng

Theorem 2.2. If ¢1(«) > 0, then the equilibrium (p*, m*) is locally asymptotically
stable. Moreover, if there exists o such that ¢1(a*) = 0, then as a passes through

a*, a Hopf bifurcation occurs if dc% ar # 0.
For the special case b = ¢, the characteristic equation can be simplified as
(b4 N2 (a+ \)? + a?ad = 0. (2.10)

Remark 2.3. In fact, one may rescale the original equation to simplify it to this
case, see [2].

In this case, we have the following result.

Theorem 2.4. If (2b+ ad/b)? > 4b2, then (p*,m*) is locally asymptotically stable
for a € (0,1) U (aa, +00) and is unstable for a € (a1, as). a1, as are given by

1 / 1
a1 = 5[05 — 052 — 4b2], Qo = 5[05 + \Y4 05 — 4b2]
with Cs = (2b+ad/b). ay and o are Hopf bifurcation values. If (2b+ad/b)? < 4b2,

then (p*,m*) is always asymptotically stable.

3. Hopf Bifurcation with Discrete Delay

In this section, we consider the system with both discrete and distributed delays.
We shall apply similar techniques, namely, the linear chain trick and study the
associated quasi-polynomial characteristic equation.

3.1. Weak kernel
We define

w(t) = [ ae ) flp(s)s.

The original system then becomes

dp
pri am(t — 1) — bp(t),
dm
i w(t) — em(t),
W — a1~ w(t)
o = ol w(t)).
The linearized system takes the form:
dP
P aM(t —1,) — bP(t),
dM
— =W(t) —eM(t
= = W(t) - eM(1),
daw

o = al=dP() - W),
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Dynamics of a Segmentation Clock Model with Discrete and Distributed Delays 9

h *h—
where d = —f/(p*) = %. The associated characteristic equation of this

system is
—b— )\ ae ™A 0
0 —c—A 1 =0.
—ad 0 —a— A
Expanding this expression, we arrive at the following characteristic equation
AY+ AN + BA+ C + De” ™ =0,
where
A=b+c+a, B=alb+c)+bc, C=abe, D=—aad<0.

Let A = £ 4+ iw be a solution to this quasi-polynomial characteristic equation.
We can rewrite the equation in terms of the real and imaginary parts as

€3 — 3¢w + AE? — Aw® + B¢+ C + De ™" cos(wTp) = 0
362w — w? 4+ 2A4¢w + Bw — De "7 sin(wT,) = 0.
Setting £ = 0, we have
—Aw? + C + Dcos(é1,) =0
—w? + Bw — Dsin(wr,) = 0.
Thus
(—Aw? + C)? + (—w® + Bw)? = D%,
or equivalently,
Wl 4 (A% —2B)w* + (B? - 24C)w? + C* — D* = 0. (3.1)

Note that if C? — D? < 0, then the left hand side is negative at w = 0. It is positive
for |w| sufficiently large. Thus it has at least one positive root.

Applying the next lemma, we show that there is no real root to this equation
when C% — D? > 0.

Lemma 3.1. [13] The cubic equation
x3+a1x2+a2x+a3 =0
has at least one single positive root when az > 0 if and only if

(1) Either a; <0, az >0, a? > 3az or az < 0;
and
(2) 3543 - 3rafa3 + gpatas — Farazas +af < 0.

ag=A>-2B=0* +*+a?>0
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and
az = B? — 2AC = o*(b* + ¢*) + b*c? > 0.

Thus if C2—D? > 0, then the cubic equation does not have any positive solution.
Let w4 be the solution to (3.1). We denote

F(A\7p) = A+ AN + BA+ C + De™ ™™, (3.2)

The implicit differentiation yields

D oF Jor _ pae
dr,  ON/ 01, 3X2+2AXN+ B — Drje N

At 7, = 19, A = iwy, it follows that

d% Re(\) s, —no — w? (3wl + 2(14213—2 iBg;i + B% — 2AC)’ (33)
where
P = —3w} 4+ B+ 1o(—Aw? + C),
and

Q =2Aw, + 7'0(—&13’r + Bwy).
Note that the numerator in Eq. (3.3) is not zero if f’(w4) # 0 where
f(z) = 2® + (A* = 2B)2? + (B* — 2AC)z + C* — D?

which is directly related to the characteristic Eq. (3.1) (by setting w? = z).
Hence we arrive at the following conclusion.

Theorem 3.2. If bc < —ad, and wy is the least simple root of Eq. (3.1), then a
2 —
Hopf bifurcation occurs as T, passes through 1o = i arccos{ AWB C}. Here

A=b+c+a, C=abe, D=—aad.

3.2. Strong kernel
If g(t) is the strong kernel, i.e. g(t) = a®te~t, then by letting

wa(t) = / 02 (t — $)e=U=5) f(p(s))ds
and

wy(t) = / Oze_o‘(t_s)f(p(s))ds7
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Dynamics of a Segmentation Clock Model with Discrete and Distributed Delays 11

we have the following equivalent system

d,
d—’t’ = am(t — 7,) — bp(t),
d
d—T = wy(t) — em(t),
dw
d—t2 = a(wi(t) — wa(t)),
dwl
S = alf (D) — wi (1))
The associated characteristic equation to the linearized system is
—b—X\ ae" ™ 0 0
0 —c— A 1 0 —0
0 0 —a— A a o
—ad 0 0 —a— A\

Expansion of the above equation yields
(b4 N)(c+ N (a+ N? + a’ade” ™ = 0.

To simplify our analysis, we choose the same degradation rates for both protein and
mRNA. This is a reasonable simplification, see, for example [2]. The characteristic
equation then becomes

(b+ N (o + \) = £avadie /2.
For convenience, we introduce some new notations:
A=b+a, B=ba, C=aVad, 7=r1,/2.

The characteristic equation then takes the following form

A+ AN+ B £ Cie ™ =0.
For the positive case, we conclude that if either

B*—(C*>0, —-A>+2B<0

or

(—A? +2B)? < 4(B* - C?)

holds, then all roots have negative real parts for all 7.
If

B?-C?<0
or

—A?4+2B >0, (—A?+2B)*=4(B*-0C?)
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1 then the equation has a pair of purely imaginary roots
2 +iéy
3 with
; € = \/%(—f@ +2B) + [1/A(—A% + B)? — (B> — C2)]\/2.
5 when
6 TzTilzéarcsin<ﬁ;B>+2;—j.
7 If
8 B*—-(C?*>0, —A*+4+2B>0, (—A?+2B)?>4(B*-C?
9 then the equation has a second pair of purely imaginary roots
10 +ié_
11 with
. ¢ - \/%(—AQ +92B) — [1/4(= A% + B)? — (B> — C2)]\/2,
13 when
14 T:TJQZ%arcsin<§QgB)+2;—_ﬂ.
15 For the negative case, we have very similar results. If
16 B*—(C*>0, —-A*+2B<0
17 or
18 (—A? +2B)? < 4(B* - C?)
19 holds, then all roots have negative real parts for all 7.
20 If
21 B*-(C?<0
22 or
23 ~A?4+2B>0, (—A*+2B)*=4(B*-0C?)
24 then the equation has a pair of purely imaginary roots
25 +ing
26 with

21 e = \/ %(—A2 +2B) + [1/4(— A2 + B)? — (B2 — C?)]1/2,
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Dynamics of a Segmentation Clock Model with Discrete and Distributed Delays 13

when

1 -B 2
T =17, ;= ——arcsin (77+ >+ﬂ.
' M+ c T+
If
B*-C?>0, —-A*+2B>0, (—A*>+2B)*>>4(B*-C?)

then the equation has a second pair of purely imaginary roots

+in_
with
1=\ [aA 2By a1 B - (B2 - o),
when
_ _ 1 arcsi n? — B n 2nm
T =17 o,=——arcsin —_—
n,2 B C 7

In conclusion, we have obtained the following theorem.

Theorem 3.3. (i) If B> —C? > 0,—A% +2B < 0 or (—A% +2B)? < 4(B? — C?),
then the steady state (p*,m*) is asymptotically stable for all discrete delays;

(i) If B2 —C? <0 or —A2+2B > 0,(—A? +2B)? = 4(B? — C?), then the steady
state is asymptotically stable for 7 € [0, min{TO'fl, To1})- Otherwise, the steady
state is unstable and T,;:l and 7, o are the bifurcation points;

(i) If B2 — C2 > 0,—A2 + 2B > 0,(—A% + 2B)? > 4(B® — C?), then the
steady state is asymptotically stable for T € [07min{7'g:1,70_’1}). When 7 €
min{7,,,7,1}), max{7,,, 7, ,}], the steady state is unstable, when 7 €
(max{7, 5, 7, o }), min{7," | 5, 7,1 5}, the steady state is stable.

4. Numerical Simulations

In this section, we illustrate the validity of our results and study the effect of
different parameters.

These parameters are obtained from Hirata et al. [11] and Monk [15]. We shall
remark here that our system is highly sensitive to changes in the Hills coefficient.
In [11], h was taken to be 2 indicating that Hes7 has only one binding sites in its
promoter. However, Bessho et al. established there are three regulatory elements
in the promoter region. In general, it is rarely the case that the Hill coefficient
is exactly the same as the number of binding site. It is suggested in [22], a more
reasonable choice will be between 2 and 3. For our simulations, we choose h = 2.6.
It is possible to obtain an explicit formula for a critical Hill coefficient beyond which
the steady state is unstable and a limit cycle appears [2].

All the figures in this section are obtained using the model with both discrete
and distributed delays. Our simulations are done through dde23, a delay differential
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Table 1. Estimated parameters for her7 gene.
Parameter  Value Description
a 0.45 molecules/min Transcription rate
b 0.0347 or 0.0231 molecules/min  0.0347 for wild-type and 0.0231
for HesTK14R
c 0.231 molecules/min mRNA degradation rate
k 4.5 molecules/cell- min
h 2.6 Hill cooperativety factor
0 40 molecules DNA dissociation constant
TP 20-40 min Translation delay
o controlled
250 T T T T T T T 20
Protein
200 1 16
14
150 1 12
10
100 8
6
50 4
\/\N\/\(\/W\/\/\/\/\/\/\/WM :
00 500 1000 1500 2000 2500 3000 3500 4000 00 5b 160 1é0 260 250
(a) Sustained Oscillations for large discrete (b) Phase portrait for large discrete delay.
delay.

Fig. 2. (a) 7p = 35, a = 2/40.

equation solver, which is now part of Matlab official release. We would like to refer
the readers to the following website: http://www.runet.edu/thompson/webddes/ .
In Fig. 2, we obtain the sustained oscillations for discrete delay of 35 minutes.
In Fig. 3, we obtain damped oscillations for a relatively smaller discrete delay
of 30 minutes. In both cases, the distributed coefficient is o = 1/20. In Fig. 4,
the discrete delay is kept at 30 minutes, by increasing distributed coefficient to
a = 2/15, we obtained a sustained oscillations. When « is being increased even
further to 2, the stability is regained and we obtained damped oscillation in Fig. 5.
This illustrated the stability switch that we established in Theorem 5.

We now turn our attention to the effect of the degradation rate of the Hes7 pro-
tein which directly related to the half-life of the protein. The numerical simulations
we have done so far are based on the wild-type Hes7 with half-life of 20 minutes.
The simulations below shows that the oscillations are always damped for mutant
Hes7K14R which has a longer half-life of 30 minutes (b ~ 0.0231). For Fig. 6, we
simulated the case for 7, = 35 and o = 1/20. We obtained a damped oscillation,
indicating the stability of the equilibrium. For Fig. 7, we simulated the case for
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Fig. 7. (a) 7p = 30, o = 2/15.

Tp = 30, a = 2/15. The oscillation is still damped. Note that the oscillations are
both sustained with b = 0.347. These simulations strongly suggest that the half-life
of the protein plays an important role in somite segmentation clock.

5. Conclusions

In this paper, we investigated a mathematical model for gene transcription net-
works. We have considered the model with both discrete and distributed delays.
Stability of the steady state solutions and the oscillations around the steady-state
solutions have been studied. The existence of sustained oscillations has been shown
by Hopf bifurcation analysis.

In Hirata (2004), they predicated that the oscillations depend crucially on the
instability of the protein. In their work, they generated mice expressing mutant Hes7
with a longer half-life of approximately 30 minutes, comparing to approximately
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22 minutes in the wild-type mouse. Somite segmentation and oscillatory gene
expression became severly disorganized after a few cycles. Our theoretical results,
along with numerical simulations, agree with their observation that instability of
Hes7 is essential for sustained oscillation and for its function as a segmentation
clock.

For the case when there is only a single discrete delay, we found that when the
delay passes a threshold, the steady-sate solution loses stability and Hopf bifurca-
tion occurs. In the case of both discrete and distributed delay, we found that the
distributed delay is dominated by the discrete delay. This result confirms Hirata’s
claim that the instability of Hes7 is crucial for the somite segmentation clock. We
have also established the stability switches similar to results in [5, 3].
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